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Motivation

• Two common methods exist for determining size, 
location, and strength of a shielded radioactive 
source:|

• Motivation for this study: Apply the rigorous uncertainty 
quantification methods of the spectroscopic approach 
while using an image to remove simplifying assumptions. 

Method Pros Cons
High-Resolution 
Spectroscopic 
Detectors

Rigorous methods of  
optimization/  
uncertainty analysis

Requires assumptions for 
location and shape of 
source 

Imaging Detectors
Provide images of the 
source region

Qualitative analysis lacking 
rigorous uncertainty 
quantification
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The limitations of spectral data
• With several simplifying assumptions we can reconstruct 

unknown radiological objects.
– The location of the source is assumed.
– We can get detailed isotopics, dimensions, etc. with uncertainty 

quantification.

• Many current spectral-based tools only model symmetric 
geometries.
– Can do this:                                  But how would they handle this…

Credit: Liberty Corrosion Company
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The current limitations of imaging

• Perhaps the most important 
information that we get from an
imaging detector is the location
and general shape of the source.

• But we do not get accurate sensitivity/uncertainty 
quantification information. This information could be 
used to
– Determine the fidelity of the solution,
– Determine necessary measurement times,
– Determine source/detector distances. 
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Combination of Methods
• Gamma-ray imagers such as the GeGI detector 

developed by PHDs provide both images and spectral 
information.

• We are combining imaging and spectral data into an 
inverse transport framework that employs novel 
optimization/uncertainty quantification methods.   

• Our goal is this:

In this work we’ll start with a proof of principle. 

4.2 ± 0.3% U3O8
Inner Radius: 5.3 ± 0.4 cm RHS
Inner Radius 7.4 ± 0.8 cm LHS
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Coded Aperture Imaging
• In this work a coded-aperture mask was placed in 

front of the GeGI detector.

• The image plane, 
containing the source 
being imaged, is
partitioned into pixels.

• The aperture mask encodes the signal in such a way 
that the gamma spectrum emitted from each image 
pixel can be identified

• Qualitatively: For every image pixel there is a certain 
expected hit pattern. For each pixel the measured 
pattern is compared to the expected pattern – allows 
us to determine where the source is located. 
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Markov Chain Monte Carlo (MCMC)
• MCMC simulations provide a generalized methods for obtaining a 

posterior distribution 𝑝𝑝 𝐮𝐮 𝑀𝑀𝑜𝑜 representing the probability of a 
model 𝐮𝐮 given observed measurements 𝑀𝑀𝑜𝑜 .

• The posterior distribution is proportional to a likelihood function 
𝑝𝑝 𝑀𝑀𝑜𝑜 𝐮𝐮 times a prior probability distribution 𝑝𝑝(𝐮𝐮): 

𝑝𝑝 𝐮𝐮 𝑀𝑀𝑜𝑜 =
𝑝𝑝 𝑀𝑀𝑜𝑜 𝐮𝐮 𝑝𝑝(𝐮𝐮)

𝑝𝑝(𝑀𝑀𝑜𝑜)

• We use a uniform prior 𝑝𝑝 𝐮𝐮 = constant. 

• A standard Gaussian likelihood (applicable if count rates are not 
very low) is used:

𝑝𝑝 𝑀𝑀𝑜𝑜 𝐮𝐮 = exp −
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Sum over pixels Sum over 
gamma lines

Measured fluxCalculated flux

Measurement 
uncertainty
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MCMC (Continued)

• MCMC approaches begin with a set of randomly 
generated parameters and calculate the likelihood.

• A second set is postulated, compared to the first, and 
a new point is accepted based on the Metropolis 
probability (ratio of likelihood functions). 
– Better points are always 

accepted.
– Probability of accepting worse

points depends on how much
worse they are. 

– High acceptance rate for 
solutions near the current point
and low acceptance far from 
away.
• Finding a balance between these 

is a subject of constant research. Styblinski-Tang function
https://en.wikipedia.org/wiki/Test_functions_for_optimization

https://en.wikipedia.org/wiki/Test_functions_for_optimization
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DiffeRential Evolution Adaptive Metropolis 
(DREAM)
• The (DREAM) algorithm attempts to achieve this balance by using 

multiple chains and the differential evolution algorithm to 
propose new chain states.

𝐮𝐮𝑎𝑎,𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝐮𝐮𝑎𝑎,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝛾𝛾 𝐮𝐮𝑏𝑏 − 𝐮𝐮𝑐𝑐 + 𝐞𝐞

• Computation details. 
– A ray-tracing routine calculates the intensities per pixel for 

postulated solutions.
– Intrinsic efficiency and aperture mask efficiency are 

accounted for.
– Scattering between pixels is modeled with a correlation 

function.
– Detector intrinsic efficiency and source/detector distance can 

be treated as unknown quantities. 

Weighted difference of current chain states = 
differential evolution

Random noise term
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Test Problem 1 – Slab Geometry

• Source region is a barium chloride slab of thickness 1 mm.

• Shield region is aluminum of thickness 1.0 cm.

• Slabs had length of width of 31.626 cm (≈1000 cm2).

• This region corresponded to a 7×7 array of image pixels 
– Image pixels were squares of side length 4.518 cm.

• GEANT4 was used to simulate “measured” data for four 
discrete gamma-ray 
emission lines. 

• 16 million particle histories
results in statistical 
uncertainty of 5.24 to 8.81%.
(per pixel per energy line)

Red = source region (barium chloride)
Gray = shield region (aluminum)

Blue lines = image pixel boundaries
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Test Problem 1 – Slab Geometry (Continued)

• Unknowns: source thickness (1 mm) and total source 
strength (9.457×109 𝛾𝛾/cm3s).

• Using the assumption that the source was generally flat 
and smooth, we introduce a Tikhonov regularization 
term into the likelihood:

𝑝𝑝 𝑀𝑀𝑜𝑜 𝐮𝐮 = exp −
1
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• The regularization term integrates the square of the 
derivative of the calculated thickness over all the 
pixels and because it is subtracted, the optimization 
process will minimize curvature in 𝑢𝑢.
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Test Problem 1 – Regularization Term

• The optimum regularization parameter, 𝜆𝜆, was approximated by 
performing an L-curve plot of the data norm ‖ 𝑀𝑀𝑛𝑛,𝑑𝑑 𝑢𝑢𝑛𝑛 − 𝑀𝑀𝑛𝑛,𝑑𝑑,𝑜𝑜 /
𝜎𝜎𝑛𝑛,𝑑𝑑‖ versus the regularization norm 𝑢𝑢𝑛𝑛′ .

• The corner of the plot isn’t distinct, so values of 𝜆𝜆 = 100, 500, and 
1000, 2500 were tested. 𝜆𝜆 = 1000 yielded a good balance of 
smoothing without overconstraining. 
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Test Problem 1 - Results
Pixel 

Center 
Location 

(cm)
-13.544 -9.036 -4.518 0.0 4.518 9.036 13.544

-13.544 0.0981 ±
0.0034

0.1000 ±
0.0033

0.1013 ±
0.0028

0.1010 ±
0.0028

0.1002 ±
0.0035

0.0986 ±
0.0035

0.0971 ±
0.0042

-9.036 0.0988 ±
0.0030

0.1003 ±
0.0025

0.1018 ±
0.0024

0.1019 ±
0.0024

0.1013 ±
0.0031

0.1003 ±
0.0040

0.0985 ±
0.0031

-4.518 0.0997 ±
0.0033

0.1014 ±
0.0026

0.1027 ±
0.0026

0.1036 ±
0.0026

0.1041 ±
0.0029

0.1021 ±
0.0034

0.1010 ±
0.0031

0.0 0.1005 ±
0.0033

0.1017 ±
0.0026

0.1039 ±
0.0022

0.1045 ±
0.0030

0.1040 ±
0.0031

0.1031 ±
0.0025

0.1031 ±
0.0033

4.518 0.0992 ±
0.0031

0.1008 ±
0.0025

0.1034 ±
0.0028

0.1043 ±
0.0021

0.1039 ±
0.0025

0.1039 ±
0.0025

0.1035 ±
0.0031

9.036 0.0972 ±
0.0032

0.0995 ±
0.0029

0.1019 ±
0.0028

0.1036 ±
0.0022

0.1039 ±
0.0024

0.1032 ±
0.0029

0.1027 ±
0.0038

13.544 0.0955 ±
0.0035

0.0981 ±
0.0036

0.1014 ±
0.0036

0.1042 ±
0.0035

0.1029 ±
0.0031

0.1020 ±
0.0034

0.0997 ±
0.0039

Calculated 
source thickness  

values within:
1𝜎𝜎 for 32 pixels
2𝜎𝜎 for 16 pixels
3𝜎𝜎 for 1 pixel

Calculated source strength: 
9.619×109 ± 2.62×109 𝛾𝛾/cm3s
- within 1𝜎𝜎 of actual value of 

9.457×109 𝛾𝛾/cm3s.
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Test Problem 2 – Small Cylindrical Source
• In the 2nd test problem, the GeGI with an aperture 

mask was used to image a small cylinder of barium 
chloride in a capsule. 

• BaCl2 had a radius of 0.1016 cm and 
height of 0.2032 cm. The stainless steel
capsule was 0.0508 cm thick.

• The source was certified to be 1 mCi on
2/15/2010.

• The detector was placed 193 cm from 
the source.

• The unknown quantities were the source
strengths for 5 emission lines of 133Ba:
81.00 keV, 276.40 keV, 302.85 keV, 
356.03 keV, 383.85 keV. 
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Test Problem 2 - Results

Line Energy
(keV)

Actual Strength
(𝜸𝜸/𝐜𝐜𝐦𝐦𝟑𝟑𝐬𝐬)

Calculated 
Strength
(𝜸𝜸/𝐜𝐜𝐦𝐦𝟑𝟑𝐬𝐬)

Percent 
Difference

𝝈𝝈
Differen

ce
81.00 7.17 × 106 8.77 (± 0.24) × 106 22.3% 7𝜎𝜎

276.40 1.56 × 106 1.72 (± 0.06) × 106 10.26% 3𝜎𝜎
302.85 4.00 × 106 4.26 (± 0.28) × 106 6.50% 1𝜎𝜎
356.03 1.35 × 107 1.32 (± 0.06) × 107 -2.22% 1𝜎𝜎
383.85 1.95 × 106 2.01 (± 0.07) × 106 3.08% 1𝜎𝜎

• For the three high-energy lines (>300 keV), calculated 
results fall within 1𝜎𝜎 of the actual source strength. 

• The calculated value is just outside 2𝜎𝜎 for the 276.40 
keV line.

• For 81.00 keV, the calculated result differs by 7𝜎𝜎
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Test Problem 2 - Results

• Could scatter or self-attenuation effects not 
accurately represented by the ray-tracer be the issue? 
A comparison between the ray-tracer and MCNP 
shows that there is a discrepancy for the low-energy 
line, but it doesn’t seem to entirely account for a 7𝜎𝜎
difference…

Line Energy
(keV)

MCNP Result
(𝜸𝜸/𝒔𝒔 )

Ray-Trace Result
(𝜸𝜸/𝐬𝐬)

Percent 
Difference

81.00 132.85 121.22 -8.75%
276.40 67.02 66.19 -1.24%
302.85 171.99 170.77 -0.71%
356.03 586.41 582.95 -0.59%
383.85 84.93 84.56 -0.44%
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Results

• This work is a first step in the application of rigorous 
optimization/uncertainty quantification methods to 
solve inverse transport problems using data from 
imaging detectors.

• The DREAM method, a Markov chain Monte Carlo 
approach, was used with pixelated data from a GeGI
imager with an aperture mask.

• Source thickness and strength were reconstructed 
accurately when using synthetic data.

• With real data, source strength was reconstructed 
accurately for high-energy lines but inaccurately for 
low-energy lines.
– Current work is focused on resolving the low-energy issue.     
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