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ANOMALIES OF NUCLEAR CRITICALITY 

ABSTRACT 

Definitions of anomaly commonly include: A deviation from a common or 

accepted rule, something that may be out of keeping with regard to accepted 
notions of fitness and order. There is a scientific way to understand every 

phenomena and a valid reason for'the occurrence of any happening. An anomaly, 

once disclosed, is therefore amenable to explanation. 

During the development of nuclear energy, a number of apparent "anomalies" 

have become evident in nuclear criticality. Some of these have appeared in 

the open literature and some have not. Yet, a naive extrapolation or appli- 

cation of existing data, without knowledge of the "anomalies", could lead to 

potentially serious consequences. Several of the known "anomalies" include, 

but are not lim ited to, 

t 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

relations.hip between criticality in finite spheres and reflected cubes 

relationships between critical concentrations of 233u 
3 

235u 
, 

and 23gpu 

in infinite cylinders 

when the "worth of the dollar" goes to zero 

effect of added scatterers on the criticality of infinite slabs 

small mass concepts whereby criticality can be achieved with less 

than an ounce of fissile material if in the form of a single small 

foil '? 0.005 m m  thick 

laser-induced m icro-explosion involving the initiation of a supercritical 
event in a highly compressed, small pellet of Pu containing as little as 

loo2 g Pu 

effects of progressive water flooding on the criticality of interacting 

arrays of fissile materials in storage vaults 



vi 

8. the criticality of large billets of U vs. small rods; conditions 

for minimum mass (triangular vs. square lattice pitch) 

9. the limiting critical fuel rod concept for low enriched uranium 

(when larger is better - safer) c 

10. effect of mixing metal and fissile bearing aqueous solutions together 

in the same vault 

11. criticality aspects of 239pu-240 Pu metal mixtures; recent calculations 

suggest an unreflected critical mass for 240 Pu metal that is signifi- 

cantly less than that of 235 U metal 

12. criticality of coupled fast-thermal systems composed of small plutonium 

metal spheres surrounded by aqueous plutonium-bearing solutions 

13. criticality of slightly enriched uranium and the negative buckling core 

14. homogeneous aqueous mixtures of 235 U and 238 U, wherein it would be 

possible to achieve criticality (over limited concentration ranges) 

with a smaller quantity of 235 U in the form of low enriched U than 

if the 235 U were in the highly enriched form (similarly for 239pu- 238u) 

15. interpretation and application of limiting critical concentrations of 

fissile nuclides in water; Pu02 - UNAT02 - H20 mixtures and the 
occurrence of a maximum in L at low Pu concentrations 

16. infinite sea concentrations and minimum critical masses; the smallest 

critical concentration in an infinite system - but not the smallest 
mass in a finite system, and vice versa 

17. interacting finite cubi'c arrays of metal units wherein an unmoderated 

array of 30.0% 235 U enriched spheres might have a lower critical lattice 

density, and hence 235U mass, than an array of 93.2% 235U enriched spheres 
. 

18. unit shape and array criticality; a case wherein units composed of the M; 
same fissile nuclide, unit keff, and average lattice density in the 

array can have a different critical number 
L 

s' 



vii 
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19. reactivity enhancement due to density reduction in units of arrays; 

a case wherein a reduction in the unit keff can enhance the array 

criticality,, and conditions under which a reduction in unit keff can 

diminish array reactivity 

20. effects of density changes in spherical cores with weakly absorbing 

reflectors (external moderation) 

21. insertion of a neutron absorbing control rod into a Pu solution sphere 

wherein the effect of this was to cause the assembly's reactivity to 

initially increase as the rod entered the solution 

22. appearance of critically unbounded regions (of infinite masses) for 

slightly enriched uranium 

23. criticality in the earth 

24. criticality in the universe 

25. an apparent chain reaction which took place in the Republique of 

Gabonaise, West Africa, in primeval times with low (3 wt% 235u) 

enriched uranium 

26. criticality of even-n nuclides beginning with the naurally occurring 

element, 2$Pa 

27. beyond Californium projection of the "micro" critical mass for the 

doubly-closed shell, super-heavy magic nuclei of the future 

28. neutron multiplication and the power reactor (four billion watts 

and subcritical) 

" 
b" 

t 

There can be as many as three different fuel concentrations with the same 

critical volume, and perhaps four different fuel concentrations may result in 

the same critical mass. Contrary to the usual expectation, the sphere, after 

all, may not be the configuration of least mass; the reflected cube may be 

somewhat less under certain circumstances. In some cases, the effect of added 

scatterers can significantly reduce the critical dimension; whereas, in others 
the result can be precisely the opposite. 
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Reducing core density can, under some circumstances, actually decrease 

the critical mass, contrary to the usual expectation that the mass will be 

increased. Surprising as it may seem, a system with k, < unity might be made 

critical by reducing the core size and adding a finite reflector of D20, etc., 
(in the latter case keff > k,!). In some cases, the effect of moderation 

results in the smallest critical mass; whereas, in others (depending on the 

evenness or oddness of the nuclide), the effect is again precisely the opposite. 

It is noted that a homogeneous aqueous mixture of 
235 U and 238 U could have 

a smaller 235 U critical mass (over a limited concentration range) with low en- 

riched uranium than if the uranium were fully enriched (93.5 wt% 235U), and 

that an unmoderated interacting array of metal units (spheres of 30 wt% 235u) 

might have lower critical density than an array of fully enriched uranium 

spheres, of identical volume, and thus a smaller critical 
235 

U mass in the 

array. 

A number of peculiarities are manifest in the criticality of interacting 

arrays of subcritical units, that relate to the unit shape, its density, the 

isotopic fuel composition, the lattice density within the array, and the 

degree of internal and external moderation and reflection involved. There 

is an example wherein the effect of inserting a neutron absorbing rod into 

a Pu-solution-bearing sphere is to cause the reactivity to initially increase 
rather than decrease. 

It is to be noted that in the case of certain heavy, even-n nuclides, 

which possess fission thresholds, the "worth of the dollar" can become 

effectively zero because the energy of the delayed neutrons will, for the most 

part, be less than the fission thresholds. In these cases, 
238 Pu for example, 

no state of "delayed criticality" could prevail, but only "prompt criticality." 

For very dilute homogeneous Pu02-UNAT 2 2 0 -H 0 mixtures, calculations show 

a maximum in k, to occur at low Pu concentrations; i.e., a higher value of k, 

can be achieved, or a lower critical concentration of Pu is possible, with 



ix 

3 wt% Pu02 than with 8 wt% Pu02. Based on the data and calculations per- 

taining to 239pu-240 Pu metal mixtures, there appears to be an inconsistency 

in the effect of 240 Pu on the criticality of the mixture, which is thought 

to be due to a change in spectrum brought about by the addition of the 240Pu. 

Calculations now indicate the critical mass for 240 Pu metal to be significantly 

less than that of 235 U metal. 

It is shown that a processing plant that is "safe by shape" for 239Pu 

should not be considered safe, on a apriori basis, for processing either 233u 

or 235 U solutions at equal concentrations. This is true even though the 239Pu 

has the smallest limiting critical concentration, the smallest minimum mass 

in the form of an aqueous solution , and the smallest mass when in the form of 

metal. 

Pressures up to 10 12 atm, comparable with the pressure in the center of 

the sun, are now believed achievable with advanced giant lasers or electron 

beams which could change the density of a small pellet of fissionable material 

under irradiation by a factor of some 250, thus making it possible to achieve 

a supercritical event in a small pellet of Pu containing as little as 10 -2 g Pu. 

One of the more interesting events in the annals of criticality is the 

discovery of an apparent prehistoric chain reaction (Nature's Anomaly) that 

took place in the Republique of Gabonaise in primeval times with 'L 3 wt% 235u 

enriched uranium. 

Finally, it is interesting to recall that, in the presence of inherent 

neutron sources, even the power reactor will be technically subcritical 

(k eff < 1) when operating in a constant power mode at any power level. 

f 
Several of the anomalies cited herein would constitute "autocatalytic 

.I 
I 

reactions," forinthe event of criticality, the reactivity would be increasingly 

enhanced as a consequence of the reaction. 
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The list continues and there are doubtless many other seemingly apparent 

anomalies that are interesting (albeit they be perhaps hypothetical) that can 

be cited in the field of criticality. For example, cadmium, gadolinium, 

samarium, Boron, etc. can be highly effective when used in control rods for 
reducing the reactivity, or "shut down" of a reactor, if these materials are 

positioned on the interior of the reactor's core. The same materials could, 

however, increase the reactivity, or enhance criticality, if they were utilized 

as reflectors on the exterior or surface of the reactor's core - a fact not 

always fully appreciated. The reason is that any nuclear material irrespective 

of the magnitude of its absorption cross section can never have a scattering 

cross section for return of neutrons that is zero. 
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ANOMALIES OF NUCLEAR CRITICALITY 

A. INTRODUCiION 

x 

A large body of knowledge has been accumulated on criticality, and 

the factors affecting criticality, since inception of the first chain 

reaction in 1942. (l-5) Criticality, however, is fraught with complexities, 

and lest we become too complacent in the era of advancement, it may be 

well, at this time, to recount a few of the apparent anomalies - some of 

which have heretofore remained unpublished in the open literature. Most 

of the examples to be cited are not well known. Yet, without knowledge 

of these "anomalies" an unwise application of existing data could lead 

to potentially serious consequences. As an introduction to the apparent 

anomalies that follow, our discussion begins with a qualitative description 

of the concepts and complexitiesof nuclear criticality. 

B. CONCEPTS AND COMPLEXITY OF CRITICALITY 

The phenomenon of criticality depends on the interaction of neutrons 

with matter, and is characterized by a self-sustaining fission chain re- 
action. Consider the conditions for achieving criticality. The exact 

configuration , or spatial density, must be known for each kind of atom 

present in the system. Criticality, then, depends not only on the quantity 

of fissile material present, but on the size, shape, and material of any 
containment vessel which may be used, on the nature of any solvents or 

diluents, and on the presence of any adjacent material which may possibly 

return neutrons through scattering back into the fissile material. 

The state of criticality can be further expressed in terms of the 

multiplication factor, which may be defined as the ratio of the number 

of neutrons in one generation to the number of corresponding neutrons in 

the immediately preceding generation. Obviously, for each neutron in the 
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first generation, there must result in at least one neutron in the second 

generation, etc., if a self-sustaining chain reaction is to continue. The 

reproduction factor will be unity when a precise balance exists between the 

production of neutrons through fissions and the subsequent losses. From 
the neutron balance point of view, the critical condition is defined when: 

the average number of neutrons produced per unit time 

= average number absorbed per unit time + average number 

escaping per unit time. 

The reproduction factor is the ratio of neutron production to losses, or 

k eff = Production 
Leakage + Absorption 

The fate of a fission neutron is to either be absorbed in the fissile 

material, diluent, or structural material of the containment system, or to 

escape through leakage. 

1. Neutron Economy and Criticality in Uranium 

To illustrate, the neutron economy for a homogeneous mixture 
of U and diluent is presented in abbreviated form in Figure 1. 

If the system is of infinite dimension, the fraction of neutrons 

escaping through leakage (1 - P) becomes zero since the non-leakage 

fraction P becomes unity. In this case k becomes = Epfn, rrthich is 

the multiplication constant for an infinite system, k-. The repro- 

duction factor for the finite system (keff) can then be expressed as 

the simple product 

c 

k eff = k, P, where P = PthPf 
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TO 

Figure 1. Neutron Economy in Natural Uranium Reactor System 
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In order to compute criticality it is required to calculate the 

interaction of the neutrons with the materials composing the reactor 

system. The probability of neutron interaction is given by the nuclear 

cross sections for the various reactions. The problem is complicated, " 

since the cross sections are energy-dependent. The microscopic cross 

section, U, for high energy neutrons is of the same order of magnitude 

as the actual cross sectional area presented by the target nucleus. 

The average energy of the neutrons released in fission is about 2 MeV. 

The cross section for absorption of a neutron in 235 U at this energy 

is only about 1.3 barns, whereas, for thermal neutrons (0.025 e.v.) 

the cross section becomes 681 barns, or some 500 times larger. At 

2 MeV the most likely occurrence on collison of a neutorn with a U 

atom is that the neutron will simply scatter or be deflected. To 

accurately compute criticality, the various neutron interactions must 
be determined over the entire energy spectrum of neutrons in the system 

The neutron spectrum is, in turn, determined by the amount of diluent 

(especially hydrogeneous materials) that can moderate or slow down the 

neutrons. Fast neutrons lose energy through collison processes by 

inelastic and elastic scattering. 

In the case of inelastic scattering, part of the energy of the 

incoming neutron goes into internal excitation of the target nucleus 

with subsequent release by gamma emission; a portion of the kinetic 
energy of the neutron has been converted into gamma emission, leaving 

the neutron with less energy. Inelastic scattering is important chiefly 

in heavy nuclei such as uranium. The threshold energy below which the 

reaction cannot occur is about 0.1 MeV. The loss of energy by elastic 

scattering is determined by the mechanics of the interaction and is 

thus greater for the lightest nuclei, such as from the hydrogen con- 
tained in water. Through the above two processes, the fast fission 

neutrons can be moderated to thermal energies ($ 0.025 e.v.) 

4’ 
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i 

The state of criticality for the system may further be defined 

in terms of the value k: 

State of Criticality 

k 3 Unity Delayed Critical 

k > Unity Supercritical 

i Delayed 

ii Prompt 

k < Unity Subcritical 

Delayed critical defines a condition of precise balance between 

production and losses of neutrons whereby all of the neutrons released 

in fission (including those that are delayed) are required to obtain 

a reproduction factor of unity. Two supercritical conditions are 

defined: Delayed and Prompt. In the delayed supercritical state, 

k exceeds unity, but only by an amount that is less than the total 

contribution possible from delayed neutrons. In the prompt super- 

critical state, k exceeds unity by an amount that is equal to, or 

greater than, the contribution from delayed neutrons. 

Changes in k above unity will cause exponential changes in the 

neutron population at a rate dependent on the average neutron lifetime. 

If the system is delayed critical, this lifetime is determined prin- 

cipally by the mean life of the delayed neutron emitters, whereas, if 

the system is prompt critical the lifetime becomes essentially the 

time from birth to death of a neutron emitted promptly in fission. 

Since the latter lifetime is extremely short, 'L 10 
-4 - 10B8 sec., 

the neutron population will increase at a rapid and uncontrollable 

rate, resulting in a "criticality accident." The system becomes prompt 

critical when keff - 1 = Beff where oeff is the effective delayed neutron 
keff 



6 

fraction. In the case of uranium, this would mean the system 

would become prompt critical with keff 2 1.007 or with k only 

slightly above unity.' 

2* Keff As An Index Of Criticality 

As criticality is approached, or as the size is increased, 

for any given concentration, keff will increase and approach unity; 

k eff is, therefore, an index of criticality. A pertinent question, 

applicable to any system, concerns the value of keff for any given 

fraction of critical mass. In criticality safety analysis, it is 

common to evaluate safety in terms of a given value of keff; i. e., 

the system is safe, providing keff does not exceed 0.9 or 0.95, etc. 

A problem arises because there is no general consistency between 

k eff and fraction of critical mass except at the point of criticality 

(where keff = unity). Two different systems which have the same 

fraction of critical mass may have different values of keff. Stating 

it another way, for a specified value of keff on two systems (with 

different fuel compositions), one system may have a higher fraction of 
critical mass and be "less safe" than the other. This fact has 

perhaps not always been fully appreciated by those in the field. 

The weird-complex variation in keff of fraction of critical 

mass vs. critical mass is shown in Figure 2, where keff has been 

computed by R. D. Carter, et. al., for two cases; 50% of a critical 

mass and 75%, spanning the range of concentrations from Pu metal 

(19.6 g Pu/cc) to dilute aqueous solutio;;)(O.Ol g Pu/cc) for both 
unreflected and water-reflected systems. 

Figure 3 gives keff of the fractional critical cylinder 

diameter vs. the critical cylinder diameter. 0) In the case of 

the unreflected cylinders, where the diameters are 85% of the 

critical values, keff is seen to vary from about 0.96 to 0.86 

throughout the range covered by the calculations. Since the 
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critical cylinder diameter depends on the Pu concentration, the 

k eff of cylinders with the same fraction of critical diameter 

also varies with concentration - but in a highly non linear 

fashion. 

3. Successive Generations and Source Multiplication 

If N1 be the number pf neutrons in the first generation, then 

the number in the nth generation will given by: N, =Nl k n-l where 

k is the effective multiplication constant. 

The count rate observed during the construction of a critical 

assembly is the sum of the source neutrons, plus those arising from 

fissions caused by the source neutrons and by the progeny of neutrons 

born in earlier fissions. If Co is the count rate in the absence of 

any fissionable material, then in simplest terms: . 

ct = Co + Co k + Co k2 . ..Co k"". 

When the value of k is less than unity, the preceding may be written as, 

Ct= 1s 
Co l-k Source Multiplication. 

As k approaches unity the source multiplication becomes infinite. 

During an approach to criticality,the reciprocal of the observed 
co multiplication, E, may be plotted against one of the controlling vari- 

ables. Extrapolation of the plot to zero intercept yields the critical 

value of the variable, or the point at which k becomes unity. Although 

conceptually simple, a precise measurement of M is difficult to carry 

Out, in practice, on a subcritical System. The observed multiplication 

depends on the location of the source and its distribution. It is, 
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therefore, generally not practical to evaluate k by means of the 

observed multiplication. The following table is presented for 

purposes of illustration. (6) 

TABLE I 

k eff and Computed Multiplication 
with 252 Cf Point Source 

k eff Concentration Core Radius Multiplication 
Without Source g/R cm With Source 

233u-Hqo 

0.98 20 23.76 100.1 
30 17.47 94.8 
40 15.06 91.3 
50 13.74 86.0 
60 12.90 84.7 
80 11.88 82.8 

100 11.27 81.3 
200 10.00 75.5 

0.99 
:: 
40 
50 

ii8 
100 
200 

24.33 240.6 
17.76 216.1 
15.28 203.0 
13.93 186.8 
13.07 174.4 
12.03 171.1 
11.41 165.9 
10.12 146.9 

235U-H,0 
L <. 

0.98 13.3 55.37 98.5 
35.1 17.75 88.2 rI 
50.7 15.24 84.8 
85.8 13.15 82.7 
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The calculations of Table I were made for homogeneous uranium- 

water mixtures over a range of uranium concentrations corresponding 

to systems with keff = 0.98 and 0.99. In all cases, the multiplying 

core (a subcritical sphere) was surrounded by a water reflector of 

at least 4 cm thickness. 

The neutron multiplication (ratio of total source to fixed 

source) is considerably higher than would be calculated from the 

expression, 

M’,,; , 
eff 

where keff is the effective multiplication constant. The multi- 
252 plication is higher, because with the 98Cf fission neutron source 

positioned at the center of the core, the neutron flux is more 

sharply peaked in the center of the assembly, with the result 

that the leakage is smaller. 

In practice, the approach to criticality utilizing an external 

source will involve a flat source on which is imposed the point 

source. The flat source is the result of a,n and y,n reactions, 

and of spontaneous fission, which has nothing to do with the process 

of criticality itself. (For example, the neutron emission from 

spontaneous fission in 240Pu is at the rate of about one million 

neutrons/kg/set. - and all Pu contains varying amounts of 240Pu.) 

In principle, the value of keff may be determined from the ratio 

of the number of neutrons in successive generations, but this, also, 
is difficult to accomplish. 
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4. Variation of Critical Mass With Sphere Radius for Homogeneous 

23gPu - Water Mixtures 

All factors which influence the interaction of neutrons with 

matter affect criticality. The following curves (Figure 4), show 

the complex variation of critical mass with sphere radius for homo- 

geneous 239 Pu-water mixtures, and serve to illustrate several effects. (7) 

The curves show critical radii of spheres, and critical masses of 

plutonium contained therein, as a function of water dilution. The 

upper curve is for bare, homogeneous plutonium-water spheres and the 

lower one for plutonium-water spheres immersed in water. Striking 

changes are seen to occur in the critical mass as the plutonium is 

diluted with water. Beginning with alpha-phase plutonium metal 

( P = lg.6 g/cm3), the critical mass and radius both increase on 

dilution with water. The mass passes through a maximum value at 

an H/Pu ratio of about4 (Pu density 'L 5 g/cm3). 

The effect of partially moderating (or slowing down) the fission 

neutrons causes a significant reduction in the value of n (number of 

neutrons produced per neutron absorbed in Pu), due to the change in 

the ratio of the neutron capture and fission cross sections with 

neutron energy. In addition, the dilution of the metal with water 

also decreases the density of Pu and increases the neutron leakage. 

The system must then be made larger to maintain a balance between 

production and losses of neutrons. On further dilution, moderation 

by the hydrogen in water becomes increasingly more effective and the 

probability for fissioning with slow neutrons is enhanced. The effect 
of adding water is seen to cause a further increase in leakage (and 

critical size), but the net overall result is a decrease in mass, 

due to the reduction in Pu density. Finally, on further dilution, or 

moderation, an optimum condition for production and leakage is obtained, 

such that the combination results in the smallest critical mass. At 

this point, the Pu concentration has been reduced to 32 g Pu/a (H/Pu 

. 
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atomic ratio 'L 900). The critical solution volume is about 75 

times larger than that for undiluted Pu metal, but the quantity 

of Pu contained in the sphere is only about l/l0 the metal value. 

This condition of "optimum moderation" gives a minimum critical 

mass for the water-reflected sphere that is s 530 g Pu. (8) 

Finally, both the critical radius and mass increase once again 

on further dilution with water, due to increasing neutron absorption 

in the water (principally in the hydrogen). Both become infinite 

at a plutonium concentration of 7.19 + 0.1 g PU/R (H/Pu ratio of 

'L 3680).(g) At this point, about half the neutrons released in fis- 

sion are absorbed in the diluent. 

Figure 4 shows , also, the effect of neutron reflection. For 

the sphere immersed in water, some of the neutrons which would 

otherwise escape are reflected (scattered) back into the sphere, 

reducing the leakage. The curves show the difference in critical 

radii brought about by the water reflector. 

Figure 4 illustrates , also, that the same critical mass could 

be achieved with three different Pu concentrations, but that the 

critical volume of size would differ in each case. 

5. A Triple Point in Criticality (Identical Critical Volume But Three 

Different Critical Concentrations) 

Figure 4 was used to illustrate some of the factors (such as 

moderation and reflection) that affect the criticality of systems 

containing a single actinide isotope (for purposes of illustration, 
239 Pu). 

The system becomes inherently more complex for mixtures of 

isotopes. The second most prevalent isotope of plutonium is Z40Pu. 

The effect of the 240 Pu isotope on the criticality of 239pu- 240Pu 
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mixtures is shown in Figure 5. (10) Calculations indicate that 
240 Pu could, by itself, be made critical under certain conditions - 

specifically those under which there would be no moderation by a 

diluent. The interaction of a thermal neutron with 240Pu results 

principally in scattering or the formation of 241 Pu, since the 

fission cross section for slow neutrons is negligible. Thus, the 
effect of 240 Pu on the criticality of 23gPu will be largely de- 

pendent on the neutron spectrum, which in turn is determined by 

the concentration and type of diluent present. The curves of Figure 5 

show the effect of 240 Pu on the critical radius, and clearly indicate 

the existence of triple points of criticality. The effect is more 

clearly portrayed (schematically) in Figure 6. 

Note that for a given radius (or fixed volume) there may now 

be as many as three different critical concentrations! The system 

would then oscillate between regions that are subcritical and 

supercritical as a function of the fuel concentration. This is 

brought about by the mere addition or removal of fuel that changes 

the hydrogen-to-fuel ratio and, consequently, the neutron spectrum. 

6. Identical Critical Mass at Four Concentrations 

Critical mass calculations are presented in Figure 7 for 

mixed oxides of U and Pu in which the Pu contains 25 wt% 240pu. (11) 

If the peculiar curve shape at the higher concentration range is 

correct (note curves for 15 and 30 wt% Pu in U) the results imply 

that it would be possible to achieve the same critical mass at four 

different concentrations of mixed oxides in water. In this case 

there would be four different volumes having the same critical mass; 

whereas, in the previous example (Figure 6) there was one critical 

volume at three different fuel concentrations. 
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7. Limiting Critical Enrichment of Uranium for Aqueous Homogeneous 

Solutions 

A series of calculations by 8. M. Durst of Battelle - Pacific 

Northwest Laboratories, are presented in Ffgure 8 on the values of 

k, for UO3 - water mixtures beginning with natural uranium extending 

through various 235 U enrichments up to highly enriched uranium. The 

curves illustrate the increase in k, with 235 U content, or enrichment, 

and show the range of uranium concentrations, or H/ 235 U atom ratios, 

over which criticality would be possible in homogeneous U03 water 

mixtures. 

In the case of 30 wt% 235 U enriched uranium and higher enrich- 

ments, it is evident from the figure there can be as many as three 
different H/X atom ratios, or uranium concentrations, that yield 

the same value of k,. 

For homogeneous uranium-water solutions, there is one enrich- 

ment for which criticality is possible with only one hydrogen - 
235 U atom ratio; this is the limiting enrichment for criticality. 

From k, measurement data, the enrichment was found to be 1.035 i: 

0.010% . 235u (12) At this particular enrichment, the largest value 

that can be obtained for the reproduction factor, b, for an infinite 

system, under optimum conditions of moderation is unity. 

8. Thirty-Six Years and the Criticality of Intermediate Uranium Enrich- 

ments (What is Known) 

Data on the criticality of uranium in the intermediate enrichment 

range (Q 6 wt% to c 'L 93 wt% 235 U) from which to deduce subcritical 

limits for criticality control are limited. (i) It is indeed surprising 

(perhaps tantamount to an anomaly) that in the intervening period of 
some 36 years since the first man made nuclear chain reaction (Dec. 2, . 
1942) that few data have become available, nor is this intermediate 
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enrichment range adequately covered in the "American National 

Standard for Nuclear Criticality Safety in Operations with Fis- 

sionable Materials Outside Reactors," N16.1-1975 (Revision of 

Nl6.1-l'g69), American Nuclear Society, (April 1975).(13) The 

data on uranium are for uranium enriched to no more than 5% 
235 U, and then for high enriched uranium. It should be noted 

that the critical mass for uranium enriched in 235U to 6 wt% 

or less is lower for a heterogeneous system than a homgeneous 

system; the critical volume also is smaller for the hetero- 
geneous system. For enrichments above 6 wt%, however, the 

minimum critical mass for uranium in an aqueous solution will 

be less than the minimum achieveable for a lattice of rods 

immersed in water. In this case the smallest critical mass 

is found to occur with rods of vanishingly small diameter, 

or of zero diameter. On the other hand, although the minimum 

critical mass may be less for the homogeneous case, (for enrich- 
ments above 6 wt%), the minimum critical volume will not be. It 

is then possible to achieve criticality in a smaller volume with a 

heterogeneous system, for example with fuel rods in water, but 

the critical mass will be greater than the minimum value for 
uranium in a homogeneous aqueous solution at the same uranium enrfchment. 

The type of system giving rise to the smallest critical volume 
and mass including intermediate enrichments is summarized in 

Table II. 

0) 
Subcritical limit is defined basically as the limiting value 

assigned to controlled parameter that results in a system 

known to be subcritical V . l See Reference No. 13. 

-. 

.,f 



21 

2.5 1 I I l~llll) I I 1~1111~ I I ljlllll I I l~llll~ I I I Illll~ 

I 

I 
\ 

I 

1 + H/X (H/X = HYDROGEN-TO-235U ATOM RATIO) 

Figure 8. Computed Values of Reproduction Factors for Homogeneous 
U03 Water Mixtures at Various 235 U Enrichments 



22 

TABLE II 

Type of Water-Reflected Uranium System That Gives The 

Smallest Critical Volume and The Smallest Critical 

Mass Including Uranium of Intermediate Enrichments 

Type System Giving Type System Giving 
Uranium Enrichment Smallest Critical Volume Smallest Critical Mass 

0.71 wt% to 'L 6 wt% Hetrogeneous (4 Heterogeneous (4 

> 'L 6 wt% to 'L 34 wt% (4 Heterogeneous. Homgeneous(b) 

> % 34 wt% to 100 wt% Single Metal Unit (4 Homogeneous(b) 

(4 Such as an array of fuel elements (of optimum diameter) positioned 

in water (at optimum spacing) and reflected with water; note that 

minimum volumes and minimum masses will occur at different spacings. 

b) Uniform aqueous mixture of uranium and water at that concentration 

giving the minimum mass, and reflected with water. 

(4 Single units of metal at theoretical density (18.9 g/cc) reflected 
with water. 
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In view of the lack of appropriate critical experiment data, 

calculations have been made by R. A. Libby of Battelle - Pacific 

Northwest Laboratories to provide an estimate of minimum critical 

volumes for uranium in the intermediate enrichment range (in the 

range from 'L 6% to < 't 93%) as shown in Figure 9. These are cal- 

culations of the minimum critical volumes applicable to,uranium 

systems regardless of the size and shape of the uranium as re- 

flected by an unlimited thickness of water. The region of the 

curve beyond about 6 wt% 235 U is the area wherein lack of data 

prevails, which actually includes most of the possible enrichment 

range beyond natural uranium. Based on these calculations, a 

possible subcritical limit curve , covering the intermediate en- 

richment range, would appear somewhat as indicated on the figure 

in the lower dashed curve. 
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C. COMMENT ON CRITICAL CONCENTRATIONS FOR 233U, 235U AND 23gPu (CAN THE 
LIMIT OF ANY ONE BE SAFE FOR ALL THE OTHERS?) 

Of the above three isotopes, 239 Pu has the smallest "infinte sea" 

or limiting critical concentration in water (that concentration for 

which k, becomes unity in an infinite sea of water). The value is 

7.19 c 0.15 g/a (H/Pu atomic ratio 2 3680). (9) Fuel processing opera- 

tions involve cylindrical vessels, for the most part, which are of such 

diameter as to preclude criticality for the concentrations of nuclear 

materials contained therein. These "safe by geometry" vessels may con- 

tain many times the minimum quantity of U or Pu that could potentially 

be made critical in some other geometry; for example, a water-reflected 

sphere of the proper diameter. 

Estimatedcritical concentrations are presented in Table III as a 

function of cylinder diameter. On an a priori basis, could a plant 

that is "safe by geometry" for one of these three isotopes be considered 

inherently safe for either of the others? The anser is "no"! Note that 

Pu has the smallest limiting critical concentration of the three. It 

also has the smallest minimum critical mass in an aqueous solution and 

the smallest mass when in the form of the metal (reference Table VIII). 
The critical 235 U concentrations are, however, smaller than those of 

23gPu, by up to a factor of 'L 3, for cylinders in the 5 - l/2 to 6 inch 
diameter range; but below about 5 - l/2 inch the critical concentrations 

exceed those for 23gPu. For cylinders about 7 inch diameter and smaller, 

the critical concentration for 233 U is significantly less than either 

that of 235U or 239 Pu, but the critical diameter for 23gPu metal will be 

less than that of 233U. 

, 
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TABLE III 

Estimated Critical Concentrations of 

Fissile Isotopes in Infinite Length, 

Water-Reflected Cylinders (19 4) 

Cylinder 233 
Diameter 

(g/k!) (in.) 

235 
"93.2% 23gPU 

(s/a) 0 

co 11.3 11.8 7.19 

8.0 42 58 37 

7.0 57 90 65 

6.5 70 125 100 

6.0 90 200 450 

5.75 110 290 850 

5.5 140 1000 1100 

5.0 230 3000 1900 

4.5 780 6000 2900 
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In early days it was sometimes suggested (usually by persons somewhat 

unfamiliar with the complexities of neutron interaction) that scaling 

factors might be developed from the more extensive data that was available 

on 235 U solutions, that could be used to provide critical concentrations, 

or safe subcritical limits, for Pu. The idea was to perform several 

critical experiments on a vessel with 235 U solutions and then repeat the 

process with Pu solutions. From the results "scaling factors" might then 

be developed. It is a good thing that this procedure was not attempted, 

as the data of the Table show no consistent scaling factor to exist. 

The differences in variation of critical concentrations are due to the 

variations in eta, and in the cross sections, with changing spectrum 

which also depends on the concentration or H/X ratio of the fissile iso- 

topes in the aqueous solutions. 

D. THE CUBE AND THE SPHERE 

Since the ratio of surface area to volume is a minimum in the case 

of a sphere, and since neutron production depends on volume and neutron 

leakage on surface area, the sphere can be expected to have the smallest 

critical volume of any shape. There are data, however, that indicate 

that a reflected cube might, under some circumstances, have a smaller 

critical volume (and mass) than if the fissile material were in the form 

of a sphere. This somewhat surprising result stems from experiments 

performed with PuOp-plastic compacts arranged in cubic geometry and 

reflected with Plexiglas. 04) (15) 

For PuOB at an H/Pu ratio of 0.04 (essentially unmoderated) the 

analysis indicates that a reflected cube would have a critical volume 

about 14% less than that for the reflected sphere. However, the 

phenomenon is not so pronounced that the apparent anomaly could not 

result from inaccuracies in the measurements. Monte Carlo calculations 

have been made by S. R. Bierman of Battelle - Pacific Northwest Labora- 

tories, utilizing the KEN0 code (16) on a reflected cube and a reflected 
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sphere of unmoderated Pu02 having precisely the same volumes; the results 

show the cube, in this case, to have a higher keff (about 1%) and tend to 

support the above, but the statistical uncertaintly in the Monte Carlo 

calculations rules out firm conclusions. However, in examining data 

from a number of other experiments involving cubes of Pu-bearing fuels, 

it is to be noted that the effect (ratio of critical sphere volume to 

critical cube volume) is uniformly dependent on the H/Pu ratio, or degree 

of moderation, as is evident from Figure 10. In the case of well moderated 

(and larger systems) the reflected sphere does, as expected, have a critical 

volume or mass about 20% less than that of the reflected cube, and the 

Monte Carlo calculations are in support of these results. It also has 
been concluded that for some undermoderated mixtures of "(93.5% enriched) 

and water, a right circular cylinder with height-to-diameter ratio (h/d) 

of about 0.9 may have a slightly smaller water-reflected critical volume 
than a sphere. (4) (17) This same effect also was reported to have been 

seen in the results of some two dimensional neutron transport calculations 

made by G. E. Hansen. (17) These conclusions lend additional support to 

our conclusions regarding the cube and the sphere. In passing, it may 

be of interest to note that, in practice, materials are more likely to 

be encountered in the form of rectangular parallelepipeds or cylinders 

than in the form of spheres. 



29 

10 

c 

0.7 0.8 0.9 1.0 Ll L2 
RATIO 

7--l- 
- a Pu$ ASSEMBLIES - 

o PuO -Uo, MIXED OXI DE 
ASS$MBLIES (DEPLETED U) 

Figure 10. Ratio of Critical Sphere Volume to Cube Volume - Plexiglas Reflected Assemblies 



30 

E. THE CRITICALITY OF LARGE BILLETS VS. SMALL RODS - CONDITIONS FOR 

MINIMUM MASS (Trangular vs. Square Lattice) 

Data from critical experiments have been reported on large uranium 

metal cylindrical rods and annuli immersed in water wherein both tri- 

angular and square lattice patterns were used. (18) (19) See Figure 11. 

The experiments were performed at two uranium enrichments, 1.95% and 

3.85% 235U. Data were obtained with the 1.95% enriched uranium in the 

form of cylindrical annuli, 7.2 in. 0. D., 2.6 in. I. D. In the case 

of the 3.85% enriched uranium the outside diameters of the annuli were 

7.2, 6.2, and 5.2 in., with inside diameters of 2.6 in. Solid rods 

slightly less than 2.6 in. in diameter could be inserted into these 

annuli to produce effectively solid rods of each of the three outside 

diameters. All rods and annuli were 30 inches long. 

It was noted that arrangement of the units of both "(1.95) and 

"(3.85) in both triangular and square lattice patterns resulted in 
significantly different quantitiesofuranium required for criticality. 

The number of rods required for criticality in a square pattern of the 

"(1.95) cylindrical annuli, 7.2-in. O.D. and 2.6-in. I.D., was a factor 

of 2 greater (at optimum moderatton) than that for these annuli arranged 
in triangular patterns. In the case of the U(3.85), the same effect was 

observed but the magnitude was reduced to a factor of about 1.3 for the 

larger diameter annuli. However, for the same outside diameter (7.2 in.), 

the minimum critical number of solid rods was a factor of 1.7 greater 

when arranged in a square pattern than when in a triangular pattern. 



Figure 11. Square Lattice vs. Triangular Lattice Pattern 

-- --_. ---. 
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Data are presented below which show the percent difference in the 

minima observed for the "(3.85) both as annuli and as rods, when ar- 

ranged in each pattern. 

TABLE IV 

Comparison of Minima for Lattices of "(3.85) 

Arranged in Square and Triangular Patterns 

Outside Diameter Change Between Patterns 
of Unit % 

(in.) Annuli Rods 

7.2 34 74 
6.2 23 60 

5.2 25 33 
2.5 ..- 2 

As the rod size decreases the difference becomes insignificant - 

but prior to these experiments on large billets there was no evidence 

to indicate that such a large difference in minima would prevail be- 

tween the square and triangular pattern at the larger rod size. Attempts 

to calculate the critical lattices with such large units have proved 

marginal. 

Then, in the case of large billets, and in the interest of criti- 
cality prevention, the triangular lattice, with its smaller mass, should 

be avoided. 
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F. LIMITING CRITICAL FUEL ROD CONCEPT. (WHEN LARGER IS BETTER - SAFER) 

Questions concerning the criticality of large rods, slabs, and 

billets frequently arise in connection with fuel element fabrication, 

such as in the extrusion process in which fuel tubes are extruded from 

large billets. 

In heterogeneous assemblies of uranium and water, lumping the fuel 

effects three of the factors, p, f and g, entering in k. Lumping the 

fuel will cause k to increase on three counts and decrease on one. 

By lumping the fuel the fast neutrons will have a better chance of 

slowing down in the moderatorandthus of passing through the resonance 

energy region before encountering 238 U than in the case of a homogeneous 

mixture of uranium and moderator. The most important effect of lumping, 

however, is duetothe self shielding effect. Because of the large values 

of the absorption cross section for neutrons in the resonance energy 

region, the flux will be strongly self depressed in the uranium. Since 

this depression , or minima in the flux, is caused by the absorption 

itself, the total absorption in 238 U resonances will be greatly reduced 

if the uranium and moderator are separated; as under these conditions, 

the resonance flux will be at a minimum in the presence of the uranium. 

Lumping the fuel also increases the probability of causing fission. 
in 238 ..y: -I 

U before the neutron energy is degraded below the fast fission 4-s- A - 

threshold by collision in the moderator; thus, E (fast fission factor) 

will be increased. Lumping the fuel will , on the other hand, cause f 

(thermal utilization factor) to decrease. Neutrons that become thermal 

in the moderator, apart from the uranium , will have less chance of being 

absorbed in the uranium than if the uranium and moderator were intimately 

mixed. Also, self shielding of thermal neutrons takes place in the fuel 

lump, so that the uranium on the interior is in a lower thermal flux than 

would be the case for a homogeneous uranium-moderator mixture. 
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Criticality data are generally lacking for slightly enriched uranium 

fuel rods greater than about 2 in. diameter. The data available on large 

rods or billets consists of a series of exponential experiments with 3 in. 

diameter rods of 3.0 wt% U-235 enrichment made at the Savannah River 

Laboratory(") and critical experiments performed at ORNL with 1.95 and 

3.85 wt% 235U large annual cylinders and solid rods. (18) 9 (19) The out- 

side diameter of the annual cylinders was 7.2, 6.2 and 5.2 in. and the 

inside diameter 2.6 in. In the case of the 3.85 wt% 235U, experiments 
also were completed with solid rods of 2.6, 5.2, 6.2 and 7.2 in. diameter, 

The calculation of these large rods and billets proved only marginal. 
Both triangular and square lattice patterns were used in the experiments. 

The Savannah River Measurements correlate reasonably well with the 

Hanford measurements at 3.06% U-235 at the smaller rod diameters of 

0.175, 0.60, and 0.925 in. 

By comparing these data, it is apparent that the maximum buckling 

for a given enrichment is a slowly varying function of rod diameter. 

For example, in the case of the 3% enriched uranium, the buckling for 

a 0.6 in. diameter rod is about 15,400 x 10B6 cm.", whereas for a rod 

diameter five times larger (a 3-in. diameter rod), the optimum buckling 

is still approximately 10,000 x low6 cm.". As the rod size further 
increases, the buckling is finally reduced to zero, and the critical 

mass becomes infinite. 

An attempt has been made to estimate the largest diameter rods which 

can be made critical in a water lattice as a function of enrichment. 

The results are shown in Figure 12. (21) For 3% enriched uranium, the 
diameter is about 15 in.; for 1% the diameter appears to be about 4 in. 

For about 6% enriched uranium, the rod diameter for zero bucklings would 

be infinite. In the case of natural uranium, the rod diameter would appear 
to be about 1 in. for zero buckling. 

E’ . 
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Figure 12 illustrates the necessity for making nuclear safety 

reviews in operations involving large billets. The limit at approxi- 

mately 6% represents an entirely fast system, whereas the limit for 

natural uranium would be a thermal system. 

An interesting point of the limiting fuel rod concept is that 

criticality of slightly enriched uranium could be prevented (under 
water immersion) if only the enriched uranium fuel rods were large 

enough. An illustration of this is provided in Figure 13 wherein a 

finite number of slightly enriched uranium fuel rods are depicted as 

being critical if spaced properly in water, but if these same fuel rods 

were bundled tightly together (so as to effectively preclude water 

moderation on the interior of the fuel bundle, or if water were ex- 

cluded from the bundle) and if each fuel bundle were of sufficient size 

(diameter), an infinite number of fuel bundles, (that would contain 

an infinite number of individual rods), could conceivably be subcritical 

in any arrangement whatsoever in water, for example, a storage pool. 

This is somewhat contrary to the usual way of thinking on matters of 

criticality prevention, but the uranium enrichment must be low, and must 

certainly be less than that required for criticality in a fast or un- 

moderated metal system. 
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G. ADDED SCATTERERS AND MODERATION 

In Figures 4 and 5, the critical mass and radius for various plutonium 

concentrations were seen to vary continuously, in a smooth but somewhat 
complex manner. We shall now consider the effect of adding water to the 

fissile core without at first changing the density of the fissile isotope. 

1. A Point of Discontinuity 

Figure 14 shows the effect of adding water to mixed oxides of Pu 

and U beginning at 7 g/cm3 in water plotted as a function of the 

fractional weight of water added. (22) The sphere volume is seen to 

decrease initially as the water fills the void space in the oxides. 

A point of discontinuity occurs at saturation in the example given. 

Beyond this point the further addition of water reduces the density 

of the mixed oxides and the critical volume is seen to increase. 

The result is that the critical volume changes abruptly from a 

decreasing to an increasing function. 

The curve shape is the result of four effects: added scatterers 

which initially reduce neutron leakage, moderation by hydrogen, the 

change in density of mixed oxides, and, finally, excess neutron ab- 

sorption in hydrogen becomes predominant. 

Also note in Figure 17 (Section H.Z), the occurrence of points 

of discontinuity in the case of 235U enrichments below about 12 wt% 
235 U. As the metal is diluted with carbon, the curves of critical 

mass vs. 235 U density undergo sharp changes in curvature, to exhibit 

a cusp (the curves appear concave upward from both right and left of 

the point) for 235 U concentrations in carbon near 0.1 g 235 U/cm3. 

. 
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2. The Reduction in Mass of the Sphere 

The next example (Figure 15) serves to illustrate the large 

reduction in critical mass that can be brought about by the mere 
addition of water to oxide at reduced density. cw The straight 

lines show the increase in mass as a result of reducing the den- 

sity of the mixed oxides. The bottom curves give the critical 

masses for saturated oxides. Note that critical mass reductions 

of about 200 are theoretically possible on simple saturation of 

the reduced density oxides with water. 

3. The Paradox of the Infinite Slab 

The following example is interesting because it demonstrates 

that, under some circumstances, the effects will be directly op- 

posite to those illustrated in the previous examples; not only 

will there be no reduction in critical mass with added scatterers, 

but the critical size can actually be increased. 

The effect of added scatterers on the criticality of slabs 

was first reported by E. R. Woodcock in 1961 (23) and later studied 

in detail by Makoto Iwai. (24) 

E. R. Woodcock had reported that, if the core were in the form 

of a thin disc or slab, a reverse effect could occur in which the 
additional scattering centers would now tend to scatter neutrons 

out of the core and the critical size would increase. 

Mokota Iwai performed a study on the effect of added scatterers 

(0, C, N) on criticality by means of transport theory calculations 

utilizing the DTF-IV code. (25) His study pertained to plutonium 

compounds likely to be encountered through the nuclear industry - 

. 
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in fuel processing and fabrication processes. His results do, indeed, 

confirm that, in some cases of unmoderated thin slabs with hydrogeneous 

reflectors, the effect of added scatterers can cause an increase in the . 
critical dimension contrary to the usual expectation that the size 

should be reduced in such cases. The dominant factor causing the in- 

crease in slab thickness was the decrease of neutron leakage into the 

moderating reflector. 

H. DENSITY EFFECTS 

The variation of critical size and mass with changes in density is of 

special interest. For a bare system to remain critical, while the density 

is changed uniformly, all the linear dimensions must be scaled inversely as 

the density. To maintain the same nonleakage probability or the same number 

of mean free paths in the system, the dimensions and density must be in- 

versely proportional. It follows that the critical mass of an unreflected 
-2 sphere will vary inversely as the square of the density, MC ?r p . For 

infinitely long cylinders, the critical mass per unit length will vary 
-1 inversely with density, MC 'L p . In the case of infinite slabs, the mass 

per unit area, MC = p" = constant, and remains unchanged. An unreflected 

infinite slab which is subcritical remains so , irrespective of the density; 

criticality in this case could be achieved only by adding more material 

to the slab so as to increase the mass per unit area. For reflected systems, 

in which the core and reflector density are varied independently, the vari- 

ation in the critical mass for finite geometries is given by 

MC = (core density)-m (reflector density)-", 

with the provision that m + n = 2. (26) 

We shall now cite an example contrary to the usual expectation that 

the critical mass should be increased as the core density is reduced. 
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1. External Moderation 

Surrounding the fissile material with thick moderating and 

weakly absorbing reflectors such as graphite, heavy water, or 

beryllium, can cause striking and unexpected changes to occur with 

core density change. (17) (27) The effect is illustrated in Figure 

16, where the critical mass of U(93.5) metal reflected by graphite 
and beryllium has been plotted against density of 235 U metal in the 

core. The critical mass is, at first, seen to increase, and then., 

contrary to the usual expectation, the change reverses itself and 

the critical mass decreases with decreasing core density. It 

should be borne in mind that the core is not being diluted with 

any material, but merely reduced in density. 

The region of core density throughout which a decrease causes 

a smaller critical mass would be critically unstable with respect 

to an increase in temperature. In the event of criticality, the 

heat from fission would reduce the core density and cause a further 

increase in reactivity. This autocatalytic process would then con- 

tinue unti7 the core density was sufficiently low that the critical 

mass was again increasing as the core density was reduced, or until 

the reflector was reduced in density sufficiently to reduce its 

effectiveness. 

G. Safonov has also studied externally moderated reactors. (28) 

Externally moderated reactors wherein the interior consists of very- 

low-density fissile material cores have been referred to as "cavity 

reactors." The critical particle densities of the fissile atoms 

correspond to molecular densities of gases at less than atmospheric 

pressures. Thus the term "cavity reactor" has been used to describe 
such systems with extremly low density interiors. 
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In his report, G. Safonov calculates the critical mass of . 
cavity type reactors fueled with 235" 

, 233U, or 23gPu that are 

externally moderated by D20, Be or C. For each fuel 'and moderator 

combination, the critical mass is shown as a function of the in- 

terior radius by a family of curves for various thicknesses of 

moderating exteriors. 

Safonov's calculations show the critical mass to first decrease 
with increasing interior radius due to the rapid initial rise in 

the cavity thermal albedo. With large radii, however, the albedo 

tends to saturate and criticality is obtained when the cavity 

radius corresponds to a constant fraction of the interior thermal 
mean free path. Quoting from his document: "Thus, at large 

radii, the critical mass varies as radius squared. This is in 

contrast to the bare, internally moderated cores, where critical 

mass increases asymptatically with radius cubed once a limiting 

moderated-to-fuel ratio is obtained." 

2. Internal Moderation - Unbounded Regions and Multiple Infinity 

As interesting as the preceding example may be, the following 

anomaly is perhaps even more strange. The variation in critical 

mass with core density change for a weakly absorbing reflector 

(such as graphite) was shown in Figure 16. It should be borne in 

mind that this variation was merely the result of a simple density 

change within the core. Let us now consider the combined effects 

of reducing the core density and also filling the void space with 

graphite (diluting the core with graphite). For this particular 

illustration there will be no external reflector; the core will be 

unreflected, or bare, but internally moderated. 
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A parametric study was made in 1967 by L. B. Engle and 

W. R. Stratton (29) of bare homogeneous spheres containing 
235" 

, 
238 U and carbon in various mixtures. Figure 17 shows the unusual 

results of their calculations. There is nothing unusual about the 

curve for fully enriched uranium (93 - l/Z%), but note the appearance 

of critically unbounded regions for 235 U densities between about 

10" and 2 g/cc for uranium enrichments less than Q, 11%. It is also 
true that, for every enrichment, the critical mass will become 

infinite on the left side of the Figure; i. e., for sufficiently small 
235 U densities (at large C/ 235U ratios). The minimum critical enrich- 

ment for metal (enrichment for which k, is unity with no dilution) was 

computed to be 5.694%. (29) Now it is clear that whenever k, becomes unity 

the critical mass becomes infinite. 

_. -.- 
The calculations show the critical mass to become infinite at 

three different 235 U densities, providing the enrichment is in the 

range between 5.7 and 11%. This can be explained as follows. As 

carbon is added to the metal, the neutron spectrum will be degraded 

slightly in energy. Eta for 235 U will be reduced somewhat, as will 

fast fission in 238 U; to the contrary, resonance capture in 238U 

will be somewhat enhanced. Over a range of C/U ratios k, will become, 

and remain, less than unity; but on further moderation, as the neutron 

spectrum becomes sufficiently well thermalized, resonance capture in 
238 U will be significantly reduced and kco will now exceed unity. 

Ultimately, excessive absorption in the graphite (at very low 235" 

densities) reduces koo to values that are again less than unity. 

Thus, within the enrichment ranges defined, there can be as many as 

three different C/235. U atom ratios for which km is unity and the 

critical masses and dimensions become infinite. 

3. Moderation and Density Effects in Dry and Damp Powders 

l 

/ 

P‘ 
* 
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The curves of Figure 4, previously discussed, show a significant 

increase to occur in the critical mass of Pu as the metal is initially 
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diluted with water. There is some evidence to imply that the same 

effect also occurs, but to a lesser extent, with PuO2 t U(NAT)O2 

mixtures having a Pu content down to as low as 15 wt% or less. 

Criticality calculations, by J. H. Chalmers, Health and Safety 

Executive, Nuclear Installations Inspectorate, England, made on 

dry and damp mixed oxide powders in 1975 bear this out. Data taken 

from calculations made on mixed oxides containing 15 wt% PuO2 are 

presented below: 

TABLE V 

Calculated Water-Reflected Spheres for 239PuO* - U(NTAT)02 

(Dry and Damp Powders) 

H H Fraction of Critical 
(Pu + U) Pu Theoretical Critical Mass 

wti PuO* Atom Ratio Atom Ratio Density Radius kg Pu 

15 0 0 0.5 41.5 218.5 

15 0.1 0.66 0.5 42.7 233.7 
15 0.45 3.00 0.5 37.0 143.0 

The explanation for the occurrence of this peak is similar to 

the explanation of the curves in Figure 4, except that it occurs at 

a lower H/Pu ratio as a consequence of the uranium present in the 

mixture. The occurrence of this peak can easily be missed unless 

the effects of H/Pu ratio changes between zero and unity are ex- 

plored in detail. It may be concluded from this that a little bit 

of dampness is a safer situation than complete dryness. 

l 

r 
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Oxygen itself can cause pronounced changes in criticality 

irrespective of density effects. For example, the maximum value 
of k, measured for a 3.04% enriched U03 hydrogeneous mixture is 

1.35 + 0.013 which occurs at an H/U ratio of about 7 (H/235U ratio 

about 240).(30) 

Some interesting results were reported on Monte Carlo calcula- 

tions of k, for unmoderated 3.04% enriched uranium metal and for 

uo3J2') The results are given below: 

MONTE CARLO CALCULATIONS OF K, FOR DRY 

3.04 WT% U-235 ENRICHED URANIUM 

Uranium Metal 

u"3 

0.720 f 0.012 

0.584 ?r 0.019 

The dry U03 salt is seen to have a value of koa which is actually 

less than the value for uranium metal. The smaller koD value for 

the U03 system is primarily due to scattering and moderation by 

the oxygen. The oxygen degrades the fast neutron spectrum slightly, 

which reduces the value of eta for the 235 U, and fast fission in 
238 U, and enhances resonance absorption in 238" . It is estimated 
that for U03 the median capture energy shifts from 0.1 to 0.2 MeY 

down to 0.025 to 0.050 MeV, and the median fission energy shifts 

from 0.4 to 0.5 MeV down to 0.075 to 0.1 MeV. In the case of 

uranium metal, the only significant moderating effect the neutrons 

experience is due to inelastic scattering. 
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The net effect of the oxygen in dry 3.04 wt% 235U-enriched U03 

appears to be a reduction in k, of appoximately 135 mk. With the 

proper amount of hydrogen, however, k, for the 3% oxide is raised 

from 0.58 to 1.35. 

4. The Dilute Fissile Bearing Solution (Criticality and Evaporation) 

Apart from reactors, all of the nuclear criticality incidents 

have involved uranium or plutonium in the form of solutions. (31) 

Solutions can concentrate, leak, siphon, or be inadvertantly trans- 

ferred from safe to non-safe geometry vessels - or accumulate in 

non-safe configurations. In the case of the OKLOmine (See Section 

T to follow), the processes of nature concentrated the uranium and 

provided the water for moderation resulting in its criticality. 

In Section S to follow, a discussion is given on "infinte sea" 

critical concentrations of fissile nuclides in water such as Pu 

or 235 U; criticality becomes possible when the concentration of 

the fissile nuclide is high enough such that about one half of 

the neutrons are absorbed in the fissile material and one half in 

the water. In the case of Pu, this condition prevails at a con- 

centration of about 7.2 g Pu/g (H/Pu atom ratio 'L 3680). 

In a long water reflected vessel of restricted diameter (for 

example 200 mm diameter) the Pu concentration required for criti- 

cality will be greater than the "infinite sea" critical concentration, 

due to neutron leakage through the sides and ends of the vessel. 

The critical concentration in a vessel of given diameter depends on 
its length. However, for vessels taller than about 10 times their 

diameter, there will be little difference in the critical concentra- 
P 

tion as the vessel height is increased indefintely. The reason is 

that since the fraction of neutrons that leak out the ends of a 

moderately long vessel (for example 6 ft.) is already small, further 
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increases in length will not have an appreciable effect on the 

reproduction factor. To exclude criticality the vessel must re- 

main subcritical under all credible solution concentrations, and 

dilute solutions in long column can be concentrated by evaporation, 

boiling or precipitation. If the vessel is tall enough it is possible 

that evaporation could produce a sufficiently concentrated solution 

to yield criticality. This must be precluded. 

For example, in a 200 mm diameter vessel, the solution would be 

well subcritical in any length if the concentration were only 20 g 

Pula. However, if precipitation were to occur, or evaporation take 

place, the concentration might well exceed 40 g/a, (.the critical 

concentration) over a significant length, resulting in a criticality. 

(See Figure 18 for artists rendition). Further, in the event that 

criticality were to occur by this process the reaction might well be 

autocatalytic depending on the quantity of fuel available. As the 

fuel was further concentrated, through evaporation, boiling, and 

radiolytic decomposition of the water the effect could be to further 

enhance the reactivity. 

To prevent criticality in our hypothetical vessel under such an 

event, the total mass of Pu permitted therein would have to be less 
than the minimum quantity required for criticality in the vessel. 

That is, if precipitation, or concentration through evaporation 

or loss of process control cannot be excluded, the safe concentration 

must be based on the minimum mass for criticality in the vessel and 

not on the minimum concentration for criticality in the "infinite" 
vessel. Then under these circumstances, depending on the vessels 

dimension, a concentration could be required as low as one or two 

g Pu/a, being even less than the "infinite sea" critical concentra- 

tions. In an infintely long vessel, in the limit, the safe concen- 

tration would approach zero - unless the vessel was "safe by geometry" 

to begin with for all credible concentrations therein. 
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I. CRITICALITY AND THE NAGATIVE BUCKLING CORE 

The example under "External Moderation" served to illustrate that, 

under certain circumstances, the critical mass could be reduced by a 
reduction in core density, but for the cases described, k, (the repro- 

duction factor for an infinite size core) would always have exceeded 

unity. We shall now cite an example that is contrary to the usual 

expectation that k, for the fuel mixture has to be greater than unity 

if criticality is to be achieved. It follows l.ogically from the simple 

formula, keff = k, P, where P is the nonleakage probability, that keff 

becomes equal to k, for the case of no neutron leakage (an infinitely 

large system). 

It would be reasonable to assume, therefore, that, if the system 

could be made infinitely large and remain subcritical, a reduction in 

size could hardly be cause for concern. Yet, an example can be given 

in which k, of the core is less than unity (the core buckling is nega- 

tive), but criticality can be achieved nonetheless. 

In 1968, a study was made of the possibility of inducing criticality 

in unmoderated, negative buckling cores of slightly enriched uranium by 

using moderating reflectors. (32) It was demonstrated (by means of cal- 

culations) that, given certain reflector conditions, a finite, reflected 

system with negative core buckling (k, 5 1.0) could have a keff ? 1.0. 

Some of M. L. Blumeyer's results are included in the following table, 

which illustrates the point in question and shows keff to be greater 

than k,! 
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TABLE VI 

Computed keff for Spheres of 1000 cm Core Radius 

With 500 cm Thick D-0 Reflector 

Material Enrichment H/U in Core k, k eff -- 

u"2 3.10 wt% 0.59 0.999 1.109 

Uranyl Nitrate, 
UO2(NO3)2 2.26 wt% 5.90 0.999 1.012 

Metal - Full 
Density 2.‘96 wt% zero 1.006 1.170 

The results for light water reflectors were inconclusive, but 

negative for the few cases examined. It, therefore, remains proble- 

matical as to whether a system with a negative buckling (k, < 1) 

could be found that could be made supercritical in finite size with 

light water reflection. 

l 
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J. THE COMPLEX REFLECTOR 

The critical mass, or dimension, is reduced as a result of neutron 

reflection from materials external to the fissile beari-ng core. There 

are wide differences in the effectiveness of reflectors, but in a re- 

lative sense, the best reflector is that which results in the smallest 

critical size. Reflectors frequently consist of more than one layer 

of reflecting material such as steel and water or steel and concrete, 

etc. Although it might appear logi‘cal to assume that a combination 

of reflecting layers would not be better than the best reflector 

separately, there are noted exceptions. 

Experiments with a 235 UH3C sphere, reflected with layers of nickel 

and natural uranium, show a composite reflector consisting of l/2 inch 

thick nickel next to the core, surrounded by natural uranium, gives a 
significantly smaller critical mass than either reflector alone. (33) 

There is no verified explanation for the effect, but is suspected 

that it may be associated with a strong scattering resonance that nickel 

has at about 16 KeV. (34) 

There also is data on reflector combinations from critical experi- 

ments performed in 1978 by S. R. Bietman, Staff Scientist at Battelle - 

Pacific Northwest Laboratory, on interacting arrays of 2.35 and 4.29 wt% 

enriched U02 rods in water that shows the following: A reflector composed 

of a layer of water about 2 cm, thick backed by a 7.6 cm wall of depleted 

uranium is more efficient than that of either a thick water reflector by 

itself or of the uranium when backed by water. For the case of a composite 

reflector composed of lead and water a similar (although much smaller 

effect) was observed only with the 4.29 wt% 235U fuel rods. The observed 

effects are shown in Figure 19. 
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K. THE DISSOLVER PARADOX 

The dissolution process can involve fissile material in the form of 

metal or oxide initially; whereas, during the intermediate stage? the 

material will be surrounded by a solution containing tR.e partially dis- 

solved material. In the final step, all of the material is dissolved, 

with the concentration being determined by the quantity of material 

starting the process. 

One might conclude that if the material were subcritical initially, 

and when fully dissolved, the process could safely proceed, but this does 

not necessarily follow, as during the intermediate state of the coupled 

fast-thermal system, criticality may occur. 

In the case of an idealized plutonium dissolver, it has been shown 

that, at least for the conditions assumed, it is possible to begin dis- 

solution in a system that is subcritical at both the starting and ending 
: configurations and yet achieve supercriticality somewhere in between 

although the total mass of Pu in the form of solution and/or in metal 

or oxide has remained constant (see illustration, Figure 20. (35) 

The computed curves in Figure 21 show the critical masses (total of 

Pu-239 in metal and sphere solution) and the corresponding critical 

* vo lumes of the dissolver (regions I and II). The critical envelope 

. is drawn tangentially to the various curves and the subcritical region 

is the region below this envelope. The possibility of a system being 

su bcritical at the beginning and end of dissolution, yet being super- 

critical in between is further illustrated in Figure 22 for the case 

of a 3-kg mass dissolving into a 5-liter volume. The critical mass 

becomes less than 3 kg total mass at or near 40 g/liter in solution and 

reaches a minimum of 2.8 kg at about 100 g/liter. In the example given 

the system would then have become supercritical at a solution concentra- 

tion a 40 g/liter and would have remained so until the concentration 

reached about 350 g/liter. 
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L. , 235" 239&38 u ~X~JRES (CONCEN-FWTX~N 0~ MODERATION - EFFECT 0~ CRITICAL 
MASS 

At first hand, it may seem surprising that, in the case of a homo- 

geneous aqueous mixture of low enriched uranium, the 235 U mass required 
for criticality can be significantlylessthan for fully enriched U (93.5%) 

within a narrow H/U range at the same total (235U + 238U) concentration.(36) 

This is evident from Figure 23, which gives computed 235U critical masses 

for 5.0 wt% enriched U and 93.5 wt% U plotted against H/U (235U + 238U) 

atom ratios. However, in cases such as these, it is always the H/ 235u 

ratio, rather than concentration per se, that is the controlling factor. 
If both curves were plotted against H/ 235U ratio (instead of total U), 
the lower enriched uranium case would be seen to have the larger 235u 

critical mass for the same H/ 235 U ratio. 

It should be borne in mind, however, that in nongeometrically safe 
situations (wherein vessels are not safe by geometry) it would be possible 

to achieve criticality (albeit over limited concentration ranges) with a 

smaller quantity of 235 U in the form of low enriched U than if the 235U 
were in the highly enriched form! 

The curves presented in Figure 24 are similar to those in Figure 23, 

except that comparisons are made for 100% 23gPu02 solutions and for 8 wt% 

PuO2 in PuO + U(NAT)02. In this case, critical masses are given in terms 

of kg Pu02 and are plotted as a function of the toal concentratton of 

Pu i- u. The same conclusions are evident. 
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M. THE CRITICALITY OF 239pu-240 Pu METAL MIXTURES 

Critical mass values have been recalculated for the even-even nuclide, 

9 which lie in the range 33 to 19 kg, depending on the type of reflec- 

tion (see Table VIII). (Note: This represents a substantial reduction in 

the previously estimated critical values; the critical mass for a bare 

sphere of 240Pu metal ( % 33 kg) is now significantly less than that of 235" 

metal!) The critical mass for 239 Pu metal is given as 5.4 and 10 kg for 

water-reflected and bare spheres, respectively. Pertaining to mixtures of 

the above isotopes, Figure 25 gives the percent change in critical mass per 

percent change in 240 Pu content as a function of the total Pu concentration 

in homgeneous water mixtures, spanning the range from dilute solutions to 

that of full metal with no water wherein the H/Pu ratio is zero. (37) The 

Figure shows the 240 Pu to have its maximum effect as a neutron absorber at 

a Pu concentration of about one g/cm3 (H/Pu ratio 'L 25). Up to the point 
of the metal mixture, spectrum changes will occur because of the variation 
in hydrogen content. In examining the case for 240 Pu metal, it should be 

remembered that the quantity of 239 Pu contained in the mixture must vanish 

as the 240 Pu concentration approaches lOO%, at which point the 240 Pu metal 

would be critical by itself. As seen from the Figure, the percent change 

in critical mass approaches a value of about 2% change in 240 Pu content for 

concentrations up to 20%. To illustrate, in the case of 20 wt% 240Pu, the 

total critical mass would be some 40% greater than that for 239 Pu metal by 

itself (23g Pu content 5 6.0 kg). Calculations also indicate the critical 

assembly to contain more than a critical mass of 239 Pu until the 240Pu 

content is near 30%. This anomalous behavior, or peak in the 239 Pu content 

in the unmoderated metal mixture, at the point of criticality, can possibly 
be explained on the basis of a change in neutron spectrum on addition of 
240 Pu to the 239 Pu metal system. Since odd nuclei are expected to give more 

inelastic scattering, the spectrum in the 239 Pu system can be expected, on 

the whole, to be slower than that in a 240 Pu metal system; the latter point 

has not been examined in detail. Calculations show,however, the critical 

mass of 240 Pu to be extremely sensitive to changes in neutron spectrum and 

that moderation equivalent to an H/Pu atom ratio of only about one would 

prevent criticality. 
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N. ARRAY ANOMALIES 

1. Mixed Units in Storage 

The criticality of an array of units involves the effect of 

neutron interaction between like or dissimilar quantities of other 

nuclear materials that may be in the vicinity. Suffice it to say, 

the problem of computing criticality becomes more complex when 

interacting arrays of units are to be considered, such as may 

occur in storage areas and in shipments of containers of nuclear 

materials. In any operation, not only must subcriticality be 

established for a single unit, but the degree of subcriticality 

of the system as a whole; for example, the effects of intercon- 

nected and adjacent pipes must be evaluated in processing plants. 

An interesting problem concerns the mixing of units within an 

array. If it has been determined that an array can safely handle 

A units ofmetal by itself, and B units containing dissolved fissile 

material in solution by itself, then'is it logical to assume that 

these units could be mixed together in the array at the same lattice 

spacing, providing the combined number were less than either A or B? 

Surprisingly, the answer can be "no", as borne out by the following 

simple example (see Figure 26 and Table VII.)(38) 

Note that the total number can be significantly less, depending 

on the pattern of positioning used. 



67 

X 

3 



68 

TABLE VII 

Mixed Units of 3.5 kg Pu Metal and 
125 g Pu in Solution (H/Pu Ratio of 500) 

(Cubic Array) 

Spacing Between Units Critical Numbers Total 
Center-to-Center Metal Units Solution Units Number 

26 cm 93 None 93 
26 cm None 80 80 
26 cm 31 29 60 
26 cm 32 34 66 

2. Bare Metal Arrays - A Case Wherein Criticality Can be Achieved 

by Diluting 235 U With Non-Fissile 238" 

Some interesting results were reported by C. E. Newlon on the 

criticality of unreflected cubic arrays of enriched uranium metal. (39) 

The calculations indicate that an interacting array of 30.0% 235U 

enriched metal spheres could have a lower critical lattice density of 

contained.235 U than an array of 93.2% 235U enriched spheres, and thus 
a smaller critical 235 U mass in the lower enrichment array. (See 

Figure 27). In the case of these interacting arrays, the calculations 

imply that a situation might be obtained whereby a smaller critical 
235 U mass could be achieved in a given array volume by mixing the 
235 U with 238U! The array would contain fewer, but larger3 units 

distributed over its volume with a net reduction in total 235 U content. 
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3. Reactivity Enhancement Due to Density Reduction in Units of Arrays 

(When a Reduction in the Unit keff Can Enhance Array Criticality) 

In 1977, B. 1. Koponen reported on a series of Monte Carlo 

calculations that show some storage and transportation arrays will 
become more reactive if the fissile material density is reduced. 

In particular, his calculations show that a subcritical array of 
shipping containers , with solid metal units, can become super- 

critical under certain conditions if the density of fissile material 

in the container is reduced. (40) Similar results were obtained with 

arrays made up of 235 U metal spheres. (See Figure 28). In the case 

of the arrays with spherical units, the sphere radius was varied in 

four steps, with a corresponding variation in density in each case 
so as to preserve the original uranium mass; the arrays consisted 

of equally spaced spheres. Calculations were done for both unre- 

flected and water reflected arrays including variable interstitual 

water moderation. 

For those cases studied, it was found that the most reactive 

unreflected arrays were those containing solid metal units, regard- 

less of the amount of interstitual water moderation. Under the 

condition of a full density external water reflector, and with 
optimum moderation, however, the lowest density unit array was 

the most reactive. 

The primary reason for the increase in the reflector worth 

of low-density fissile units is the increased utilization of 

thermal neutrons in the outer regions of the low density spheres. 

The mass ofuranium in the region accessible to thermal neutrons 

is effectively increased, as there is an increase in the penetra- 

tion of thermal neutrons into the low density core. With solid 

uranium spheres at full density Koponen gives the median fission 

energy as s 0.5 MeV., and in the sphere with a radius four times 
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Figure 28. Reactivity Enhancement Due to Density Reduction in Units 


